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a b s t r a c t
The fixed point theory for conemetric spaces, which was introduced in 2007 by Huang and
Zhang in the paper [L.-G. Huang, X. Zhang, Cone metric spaces and fixed point theorems of
contractivemaps, J.Math. Anal. Appl. 332 (2007) 1467–1475] has recently become a subject
of interest formany authors. Conemetric spaces are generalizations ofmetric spaceswhere
themetric is replaced by themapping d : M×M → E, whereM ≠ ∅, and E is a real Banach
space. In the present paper for a cone metric space (M, d) and for the familyA of subsets
of M we establish a new cone metric H:A × A → E. Next, we introduce the concept
of set-valued contraction of Nadler type and prove a fixed point theorem. Examples are
provided.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Very often, introducing a partial ordering in some spaces gives new techniques and tools which simplify obtaining
interesting results. See for example the papers [1–4] concerning the very well developed theory of normed ordered spaces.
Conemetric spaces,whichwere established byHuang and Zhang [5], are generalizations ofmetric spaceswhere themetric is
replaced by themappingwith values in ordered Banach space. Huang and Zhang introduced the basic definitions and proved
the properties of sequences in cone metric spaces. They also obtained various fixed point theorems for contractive single-
valued maps in such spaces. Since their paper [5] was published in 2007, cone metric spaces have become an interesting
subject field for many authors (for example see [6–15]).
Nadler’s result [16] concerning set-valued contractive mappings in metric spaces became the inspiration for many
authors in metric fixed point theory. See for example the results of Reich [17,18], Mizoguchi and Takahashi [19] and
others [20–22]. In the present paper, inspired by Nadler’s paper, we introduce the concept of a cone metric space with
elements being subsets of another cone metric space. Next, we introduce a set-valued contraction of Nadler type and prove
a fixed point theorem for mappings of this type.
2. Definitions and notation
Let E be a real Banach space and P be a subset of E. P is called a cone if and only if:
(P1) P is closed, P ≠ ∅, P ≠ {0};
(P2) ∀α,β∈R,α,β≥0∀u,v∈Pαu+ βv ∈ P;
(P3) ∀u∈E{(u ∈ P ∧−u ∈ P)⇒ u = 0}.
Let P ⊂ E be a cone; we define a partial ordering ≼ with respect to P . For u, v ∈ E, we say that u ≼ v if and only if
v − u ∈ P, u ≪ v if and only if v − u ∈ int P, u ≺ v if and only if u ≼ v and u ≠ v. The cone P is called normal if
∃K>0 ∀u,v∈E

0 ≼ u ≼ v ⇒ ‖u‖ ≤ K‖v‖. (1)
The least positive number satisfying (1) is called the normal constant of P .
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Suppose the map d : M ×M → E satisfies
(d1) ∀x,y∈Md(x, y) = 0⇔ x = y;
(d2) ∀x,y∈Md(x, y) = d(y, x);
(d3) ∀x,y,z∈Md(x, y) ≼ d(x, z)+ d(y, z).
Then d is called a cone metric onM , and (M, d) is called a cone metric space.
Let (M, d) be a cone metric space and let {xn} be a sequence in M, x ∈ M . We say that {xn} is convergent to x if the
following condition holds:
∀c∈E,0≪c ∃N∈N ∀n>N d(xn, x)≪ c.
The sequence {xn} is said to be the Cauchy sequence if the following holds:
∀c∈E,0≪c ∃N∈N ∀m,n>N d(xn, xm)≪ c.
It is known that if (M, d) is a cone metric space with normal cone P , then {xn} converges to x ∈ M if and only if limn→∞
d(xn, x) = 0 and {xn} is a Cauchy sequence if and only if limm,n→∞ d(xm, xn) = 0. (M, d) is said to be a complete cone metric
space if every Cauchy sequence {xn} inM is convergent to x ∈ M . For further definitions and properties of conemetric spaces
see e.g. [5,12].
A set A ⊂ M is called closed if for any sequence {xn} ⊂ A convergent to xwe have x ∈ A.
Denote as N(M) a collection of all nonempty subsets ofM and as C(M) a collection of all nonempty closed subsets ofM .
Denote as Fix T a set of all fixed points of T .
In the present paper let E be a real Banach space, P be a cone in E with nonempty interior and ≼ be a partial ordering
with respect to P .
3. The result
Definition 3.1. Let (M, d) be a cone metric space and letA be a collection of nonempty subsets ofM . A map H:A×A→ E
is called an H-cone metric with respect to d if for any A1, A2 ∈ A the following conditions hold:
(H1) H(A1, A2) = 0⇒ A1 = A2;
(H2) H(A1, A2) = H(A2, A1);
(H3) ∀ε∈E,0≪ε∀x∈A1∃y∈A2d(x, y) ≼ H(A1, A2)+ ε;
(H4) one of the following is satisfied:
(i) ∀ε∈E, 0≪ε∃x∈A1∀y∈A2 H(A1, A2) ≼ d(x, y)+ ε;
(ii) ∀ε∈E,0≪ε∃x∈A2 ∀y∈A1H(A1, A2) ≼ d(x, y)+ ε.
Let us observe that for each cone metric d the family of H-cone metrics with respect to d is nonempty and each H-cone
depends on the shape of familyA. See the following trivial example:
Example 3.1. Let (M, d)be a conemetric space and letA = {x}: x ∈ M. Then themapping givenby the formulaH({x}, {y})
= d(x, y) is an H-cone metric with respect to d.
Example 3.2. Let (M, d) be a metric space and let A be a family of all nonempty closed bounded subsets of M . Then a
mapping H:A×A→ R+ given by the formula
H(A, B) = max{sup
x∈A
d(x, B), sup
y∈B
d(y, A)}, A, B ∈ A,
which is called a Hausdorff metric, is an H-cone metric with respect to d.
In the following lemma we show that the H-cone metric satisfies the conditions (d1)–(d3).
Lemma 3.1. Let (M, d) be a cone metric space and let A ⊂ N(M),A ≠ ∅. If H:A×A→ E is an H-cone metric with respect
to d then a pair (A,H) is a cone metric space.
Proof. Let {εn} ⊂ E be a sequence such that 0 ≪ εn, for all n ∈ N and limn→∞ εn = 0. Take any A1, A2 ∈ A and x0 ∈ A1.
From (H3), for each n ∈ N, there exists yn ∈ A2 such that d(x0, yn) ≼ H(A1, A2)+ εn. Therefore H(A1, A2)+ εn ∈ P, n ∈ N.
By the closedness of P we obtain 0 ≼ H(A1, A2).
Assume that A1 = A2. From (H4) we obtain H(A1, A2) ≼ εn, for any n ∈ N. Thus H(A1, A2) = 0.
Let A1, A2, A3 ∈ A. Assume that for A1 and A2, (H4)(i) holds. So, for each n ∈ N there exists xn ∈ A1 such that H(A1, A2)
≼ d(xn, y)+ εn, for all y ∈ A2. By (H3) there exists a sequence {zn} ⊂ A3 satisfying d(xn, zn) ≼ H(A1, A3)+ εn, for any n ∈ N.
Obviously, for any y ∈ A2 and n ∈ N, we have H(A1, A2) ≼ d(xn, zn) + d(zn, y) + εn. Now, for each n ∈ N, there exists
yn ∈ A2 such that d(zn, yn) ≼ H(A3, A2) + εn. Consequently, we obtain H(A1, A2) ≼ H(A1, A3) + H(A3, A2) + 3εn, n ∈ N.
Thus H(A1, A2) ≼ H(A1, A3)+ H(A3, A2). In the case where (H4)(ii) holds, we use an analogous method. 
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Our result concerning a new type of set-valued contraction is the following:
Theorem 3.1. Let (M, d) be a complete cone metric space with a normal cone P with a normal constant K ,A be a nonempty
collection of nonempty closed subsets of M and let H:A×A→ E be an H-cone metric with respect to d. If for a map T :M → A
there exists λ ∈ (0, 1) such that
∀x,y∈M H(Tx, Ty) ≼ λd(x, y), (2)
then Fix T ≠ ∅.
Proof. Let {εn} ⊂ E be a sequence satisfying
∀n∈N {0≪ εn ∧ ‖εn‖ ≤ λn+1}. (3)
Let x0 ∈ M be arbitrary and fixed and let x1 ∈ Tx0. From (H3) there exists x2 ∈ Tx1 such that
d(x1, x2) ≼ H(Tx0, Tx1)+ ε1. (4)
Inductively, for xn−1, n > 1, we get xn ∈ Txn−1 satisfying
d(xn−1, xn) ≼ H(Txn−2, Txn−1)+ εn−1. (5)
Now, from the above and from (2), we obtain the following inequalities for any n ∈ N:
d(xn−1, xn) ≼ H(Txn−2, Txn−1)+ εn−1 ≼ λd(xn−2, xn−1)+ εn−1
≼ λ(H(Txn−3, Txn−2)+ εn−2)+ εn−1
≼ λ2d(xn−3, xn−2)+ λεn−2 + εn−1
≼ · · · ≼ λn−2(H(Tx0, Tx1)+ ε1)+
n−1
i=2
λn−i−1εi
≼ λn−1d(x0, x1)+
n−1
i=1
λn−i−1εi. (6)
Let nowm, n ∈ N be such thatm > n. From (6) we obtain
d(xn, xm) ≼
m−
j=n+1
d(xj−1, xj) ≼
m−
j=n+1

λj−1d(x0, x1)+
j−1
i=1
λj−i−1εi

.
Next, due to the fact that the cone P is normal and by the above, we obtain
‖d(xn, xm)‖ ≤ K‖d(x0, x1)‖
m−
j=n+1
λj−1 + K
m−
j=n+1
j−1
i=1
λj−i−1‖εi‖.
Finally, by (3) we get
‖d(xn, xm)‖ ≤ K‖d(x0, x1)‖
m−
j=n+1
λj−1 + K
m−
j=n+1
(j− 1)λj,
which gives that {xn} is a Cauchy sequence.
Let x∗ ∈ M be such that limn→∞ xn = x∗. Thus, by normality of P we get
lim
n→∞ d(xn, x
∗) = 0. (7)
By (2) we obtain
‖H(Txn, Tx∗)‖ ≤ Kλ‖d(xn, x∗)‖, for each n ∈ N.
From the above and by (7), the sequence {Txn} converges to Tx∗ with respect to the metric H and, since xn ∈ Txn−1 for any
n ∈ N, we obtain by (H3)
d(xn, yn) ≼ H(Txn−1, Tx∗)+ εn, where yn ∈ Tx∗, for all n ∈ N.
Thus we have limn→∞ d(xn, yn) = 0. Therefore, by (7), we have limn→∞ yn = x∗ and, since Tx∗ is closed, we obtain x∗ ∈ Tx∗
which completes the proof. 
We illustrate Theorem 3.1 with the following:
Example 3.3. Let M = [0, 1], E = R2 be a Banach space with the standard norm, P = {(x, y) ∈ E: x, y ≥ 0} be a normal
cone and let d:M × M → E be of the form d(x, y) = (|x − y|, 1/2|x − y|). Then the pair (M, d) is a complete cone metric
space.
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LetA be a family of subsets ofM of the form
A = [0, x]: x ∈ M ∪ {x} : x ∈ M.
We define an H-cone metric H:A×A→ E with respect to d by the formulae
H(A, B) =


|x− y|, 1
2
|x− y|

, for A = [0, x], B = [0, y],
|x− y|, 1
2
|x− y|

, for A = {x}, B = {y},
max{y, |x− y|}, 1
2
max{y, |x− y|}

, for A = [0, x], B = {y},
max{x, |x− y|}, 1
2
max{x, |x− y|}

, for A = {x}, B = [0, y].
It is easy to observe that H satisfies (H1)–(H4) of Definition 3.1.
Define the mapping T :M → A as follows:
Tx =

{0}, for x ∈
[
0,
1
2
]
,
0,
1
2

x− 1
2
2
, for x ∈

1
2
, 1
]
.
Let us observe that T satisfies the contractive condition (2) with λ = 1/2 and zero is a fixed point of T .
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